We provide an equation of state for hot nuclear matter in β-equilibrium by applying a momentum-dependent effective interaction. We focus on the study of the equation of state of high-density and high-temperature nuclear matter, containing leptons (electrons and muons) under the chemical equilibrium condition in which neutrinos have left the system. Special attention is dedicated to the study of the contribution of the components of β-stable nuclear matter to the entropy per particle, a quantity of great interest for the study of structure and collapse of supernova.
Introduction
The equation of state (EOS) of hot nuclear matter determines the structure inside a supernova [1] and a hot neutron star [2] and affects the state of matter, such as its chemical composition. In addition, the equation of state plays important roles for the study of the supernova explosion, as well as on determining the evolution of a neutron star at the birth stage. There exist many calculations for hot nuclear matter with applications to the properties of hot neutron stars and supernova The aim of this work is to apply a momentumdependent interaction model for the study of hot nuclear matter EOS under β-equilibrium. The present model has the additional property, compared to the previous ones, that the temperature affects not only the kinetic part of the energy density, but also influences the interaction part of the energy density as well. In that way, we are able to study simultaneously thermal effects not only on the kinetic part of the symmetry energy and symmetry free energy, but also on the interaction part of the above quantities. This is important in the sense that the density dependent behavior of the symmetry energy and symmetry free energy influence strongly the values of the proton fraction and as a consequence the composition of hot β-stable nuclear matter, under consideration. Using the above method, we will show that the thermal energy (and also the related quantities) depend sensitively on the momentum dependence of the nuclear interaction. We concentrate our study on the properties of hot nuclear matter in the density range n 0 < n < 6n 0 (where n 0 = 0.16 fm −3 is the saturation density) and temperature range 0 < T < 30 MeV, taking into account that nuclear matter consists of neutrons, protons, electrons and muons with their relative concentrations determined from the conditions of charge neutrality and equilibrium under β-decay process in the absence of neutrino trapping.
The model
The schematic potential model, employed here, is designed to reproduce the results of the microscopic calculations of both nuclear and neutron-rich matter at zero temperature and can be extended to finite temperature [2, 3] . The energy density of the asymmetric nuclear matter (ANM) is given by the relation (n n , n p , T ) = n kin (n n , T ) + p kin (n p , T ) + V int (n n , n p , T ),
where n n (n p ) is the neutron (proton) density and the total baryon density is n = n n + n p . The contributions of the kinetic parts are n kin (n n , T ) + p kin (n p , T ) = 2
where f τ , (for τ = n, p) is the Fermi-Dirac distribution. Including the effect of finite-range forces between nucleons, to avoid acausal behavior at high densities, the potential contribution is parameterized as follows [2] [3] [4] V int (n n , n p , T ) = 1 3
An
In Eq. (3), I = (n n − n p )/n and u = n/n 0 , with n 0 denoting the equilibrium symmetric nuclear matter density n 0 = 0.16 fm −3 . The asymmetry parameter I is related to the proton fraction Y p by the equation I = (1 − 2Y p ). The constants A, B, σ, C 1 , C 2 and B , which appear in the description of symmetric nuclear matter and the additional parameters x 0 , x 3 , Z 1 , and Z 2 , used to determine the properties of asymmetric nuclear matter, are treated as parameters constrained by empirical knowledge [2] . The function, g(k, Λ i ), suitably chosen to simulate finite range effects.
The energy density of asymmetric nuclear matter at density n and temperature T , in a good approximation, is expressed as
where
In Eq. (5) the nuclear symmetry energy E tot sym (n, T ) is separated in two parts corresponding to the kinetic contribution E kin sym (n, T ) and the interaction one E int sym (n, T ).
From Eqs. (4) and (5) and setting I = 1, we find that the nuclear symmetry energy E tot sym (n, T ) is given by
Thus, from Eq. (6) and by a suitable choice of the parameters x 0 , x 3 , Z 1 and Z 2 , we can obtain various forms for the density dependence of the symmetry energy E tot sym (n, T ).
The theoretical results of the very recent reference [5] are well reproduced by parameterized the nuclear symmetry energy according to the following formula
For the function F (u), which parametrizes the interaction part of the symmetry energy, we apply the following form
The parameters x 0 , x 3 , Z 1 and Z 2 are chosen so that Eq. (6), for T = 0, reproduces the results of Eq. (7) for the function F (u) = u.
The free energy per particle F is written as
E is the internal energy per particle, E = /n, and S is the entropy per particle, S = s/n. From Eq. (9) is also concluded that for T = 0, the free energy F and the internal energy E coincide. The entropy density s has the same functional form as that of a non interacting gas system, given by the equation
The pressure P can be calculated also from equation
It is easy to show that the chemical potentials of neutrons and protons are related by the equationμ
We can define the symmetry free energy per particle F sym (n, T ) by the following parabolic approximation F (n, T, I) = F (n, T,
where F sym (n, T ) = F (n, T, I = 1) − F (n, T, I = 0).
Now, by applying Eq. (13) in Eq. (12), we obtain the key relation
The above equation is similar to that obtained for cold nuclear matter by replacing E sym (n) with F sym (n, T ).
Stable high density nuclear matter must be in chemical equilibrium for all types of reactions, including the weak interactions, while β decay and electron capture take place simultaneously Fig. 1 . The nuclear symmetry energy calculated with the MDIM compared with the results of Refs. [5] , [6] , and [7] .
Here, we assume that neutrinos generated in those reactions have left the system. In total, we consider that nuclear matter contains neutrons, protons, electrons, and muons. They are in a β-equilibrium and charge neutrality and the following relations hold µ n = µ p + µ e , µ e = µ µ , n p = n e + n µ .
The equation of state of hot nuclear matter in β-equilibrium can be obtained by calculating the total energy density tot as well as the total pressure P tot . The total energy density is given by 
From Eqs. (18) and (19) we can construct the isothermal curves for energy and pressure and finally derive the isothermal behavior of the equation of state of hot nuclear matter under β-equilibrium.
Results and Discussion
We calculate the equation of state of β−stable hot asymmetric nuclear matter.
The key quantities in our calculations are the proton fraction Y p and also the asymmetry free energy defined in Eq. (14).
In our model the parameters x 0 , x 3 , Z 1 and Z 2 chosen so that Eq. (6), for T = 0, reproduce the results of Eq. (7) for the function F (u) = u. Consequently, E sym (n) shows an increasing trend shown in Fig. 1 . Additionally, we plot the nuclear symmetry energy which extracted from experimental results, presented in Ref. [6] , where E sym (u) is parameterized according to relation E sym (u) ≈ 31.6u 0.69 as well as experimental results extracted from Ref. [7] where E sym (u) given by E sym (u) ≈ 31.6u 1.05 The important point to be noted is that both measurements clearly favor a stiff density dependence of the symmetry energy at higher densities, ruling out the very stiff and very soft predictions. These results can thus be used to constrain the form of the density dependence of the symmetry energy at supranormal densities relevant for the neutron star studies [6] . In the same figure are presented the theoretical prediction of Ref. [5] where E sym (u) is parameterized as E sym (u) ≈ 32u 0.8 .
The proton fraction affects the reaction rate of neutrino process inside that star. If a neutron star has a large proton fraction, the cooling rate may drastically change through the high neutrino emissivity due to the direct Urca process. This process can occur if the proton fraction in the matter of a cold neutron star exceeds the critical value of 0.11-0.15 and would lead to the rapid cooling of the neutron star. Thus, it is important to calculate the proton fraction as a function of the baryon density and investigate the temperature effects on that. Fig. 2 displays the fractions of protons, electrons and muons as functions of the density, for various values of T . The proton fraction is an increasing function of T and this effect is more pronounced for T > 10 MeV.
In Fig. 3 we plot the contribution of the proton S p , the neutron S n and the total entropy per baryon S. It is obvious that there is a strong effect of T on the values of the entropies mainly for low values of the density. The main part of the contribution comes from neutrons, whereas the contribution of protons is three times less. It is worthwhile to notice that, in spite of Y p ∼ (1/20 − 3/10)Y n , the approximate relation S p ∼ (1/4 − 3/7)S n holds. This feature is understood by the fact that f p (n, T ) is diffused more broadly than f n (n, T ), so the larger is the diffuseness, the larger the entropy contribution.
In Fig. 4 we plot the contribution of the electronic S e , the muonic S µ and the total (leptonic) S l to the entropy per baryon. The contribution to the entropy, of S e depends slightly on the density, for fixed values of T . Our present results are very close to those found by Onsi et. al. [8] , where they employed the analytical approximate formula for the electron entropy density s e s e = 1 3
According to the above formula, the contribution of electrons to the entropy per baryon has the form
The quantity Y 2 e n 1/3 is a function slightly dependent on the density n, so that for a fixed value of T the contribution S e is almost constant. The muonic contribution to the entropy, for fixed T , increases slightly as a function of the density.
In Fig. 5 we present the EOS of the β-stable hot nuclear matter by taking into account and analyzing the contribution to the total pressure of each component. The main contribution to the total pressure originates from the baryons, while the contribution of the leptons is about a few percent compared to P b . It is worthwhile to notice that thermal effects are not important for the calculation of P e , but only for P µ , especially for small values of n (n < 0.4 fm −3 ). We found that thermal effects produce a slightly stiffer equation of state with respect to the case of cold nuclear matter. The above EOS can be applied to the evaluation of the bulk properties of hot neutron stars (mass and radius).
The study of hot nuclear matter in the absence of neutrino trapping is the first step to study the properties of hot neutron stars and supernova matter. Next, one can study the more realistic case of neutrino-trapped matter in βequilibrium. In this case, the β-equilibrium conditions in matter are altered from the case in which neutrinos have left the system and thus the composition of matter is affected. The proton fraction increases dramatically and influences significantly the properties of nuclear matter. Such a work is in progress.
